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The list of quantum mechanical systems with non-Abelian statistics has recently been expanded by including 
generic spin-orbit-coupled semiconductors {e.g., InAs) in proximity to a s-wave superconductor. Demonstra- 
tion of the anyonic statistics using Majorana fermion interferometry in this system is a necessary first step 
towards topological quantum computation (TQC). However, since all isolated chiral edges that can be created 
in the semiconductor are charge neutral, it is not clear if electrically controlled interferometry is possible in 
this system. Here we show that when two isolated chiral Majorana edges are brought into close contact, the 
resultant interface supports charge current, enabling electrically controlled Majorana fermion interferometry in 
the semiconductor structure. Such interferometry experiments on the semiconductor are analogous to similar 
interferometry experiments on the v = fractional quantum Hall systems and on the surface of a 3D strong 
topological insulator, illustrating the usefulness of the 2D semiconductor heterostructure as a suitable TQC 
platform. In particular, we proposed Majorana interferometers may be the most direct method for establishing 
non-Abelian braiding statistics in topological superconductors. 
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I. INTRODUCTION 

Topological many body systems, characterized by ex- 
changes of the particles unitarily rotating the wave function 
in the degenerate ground state subspace (non-Abelian statis- 
tics), are called non-Abelian quantum systems.'-^ Such sys- 
tems have been proposed as a fault-tolerant platform for topo- 
logical quantum computation (TQC).^'^ Some key, albeit ex- 
otic, condensed matter systems, such as the Pfaffian states in 
fractional quantum Hall (FQH) systems^ "* and chiral p-wave 
superconductors/superfluids,^'' as well as the surface state of 
a 3D strong topological insulator (TI),^ have been identified 
as non-Abelian systems. Recently, this list has been expanded 
by showing that even a regular semiconducting thin film {e.g., 
InAs), proximate to an ordinary s-wave superconductor and 
a magnetic insulator, can support non-Abelian excitations.''"' ' 
Since neither special materials nor exotic physics are needed 
to produce the non-Abelian excitations, this structure is po- 
tentially one of the simplest to probe non-Abelian quantum 
matter and therefore has attracted considerable attention in the 
recent literature ji^Ti^^ 

The non-Abelian excitations in the semiconductor in this 
proposal, are the zero-energy Majorana fermions, defined by 
the self-hermitian operators 70; 7o = 70. localized at vortices 
or the sample edges induced by the superconducting prox- 
imity effect.^ Even though the non-Abelian excitations in the 
i/ = 5/2 FQH system are charged, the Majorana excitations 
in the semiconductor are charge-neutral. The charge neutral- 
ity of the Majorana excitations makes them unresponsive to 
an applied electric field and therefore difficult to detect ex- 
perimentally. On the other hand, electrically controlled edge 
state interferometry of the Majorana excitations^i212^ is a key 
experiment both to probe their exotic statistics as well as to 
implement TQC.^^"^' Recently it has been shown that on the 
surface of 3D TI (in which the Majorana excitations are also 
charge-neutral) an interface between two domains with op- 



posite directions of magnetization (but no superconductivity) 
supports gapless charged Dirac fermionic modes. These 
charged modes can break up into two neutral Majorana edge 
modes in the presence of superconductivity. Since the charged 
fermion current can be controlled by external electric poten- 
tials, this provides a way to electrically control the neutral cur- 
rent of the edge state Majorana fermions in a TI, and thus to 
detect them. 

For a semiconductor, however, the above method does 
not work because there is no well-defined edge mode at the 
boundary between two domains with opposite directions of 
magnetization. This is because, unlike the TI surface, the sys- 
tem remains gapless even with non-zero magnetization in the 
absence of superconductivity.^ In the presence of supercon- 
ductivity, however, all isolated chiral edge modes {e.g., edges 
1 and 2 in Fig. 1) that can be created in this system are Ma- 
jorana modes, hence charge-neutral. Very recently a set of 
proposals^''*'^^ atempt to avoid this problem by using the trans- 
port of Majorana fermions in vortex cores of superconductors 
to create measurable interferometry of vortices in supercon- 
ductors. The original proposals^'* for such interferometry suf- 
fer from the possibly large vortex mass in superconducting 
systems making the observation of quantum interference in 
such proposals unlikely. The more recent proposals'*^ using 
Josephson vortices instead of Abrikosov vortices can possibly 
overcome the problem of a large vortex mass but might still 
face the problem of a very small minigap. Therefore, electri- 
cally controlled edge state interferometry of Majorana exci- 
tations remains a crucially important experiment to probe the 
non-Abelian statistics of Majorana fermions and implement 
TQC on 2D spin-orbit coupled semiconductor systems. This 
is the problem we tackle in this work. 

In this paper, we start with the existence of chiral Majorana 
edge modes and Majorana fermions shown in Refs. 1 9- 11 ] and 
propose an interferometry experiment to demonstrate the non- 
Abelian character of these charge neutral Majorana fermions. 
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To this end we first show that chiral Majorana modes located 
at the isolated edges in the semiconductor (edges 1 and 2 in 
Fig. 1 with the separation W large) are indeed charge-neutral. 
However, when the separation W is on the order of the co- 
herence length ^ or smaller, the wave functions localized at 
the edges overlap and the resulting mode acquires charge. In 
the limit of zero separation between the edges, it is an inter- 
face separating regions with opposite directions of magnetiza- 
tion. We show by explicit calculations that even though such 
an interface can be thought of as created by superposing two 
originally charge-neutral Majorana edge modes, it carries a 
chiral quasiparticle charge current which can be controlled by 
external bias voltages. The reason such a charge current can 
arise although the Majorana modes themselves are neutral is, 
of course, the presence of superconductivity in some sense 
"violates" the naive charge conservation because of the spon- 
taneous breaking of the U(l) symmetry and the existence of 
phase coherent Cooper pairs. Recently, similar charged quasi- 
particle modes have been argued to exist at the domain walls 
of chiral p-wave superconductors We give two specific in- 
terferometer designs suitable for testing non-Abelian statistics 
of quasiparticles and implementation of TQC. 

In Sec. II we describe the basic BdG Hamiltonian for treat- 
ing the topological superconducting properties of the generic 
semiconductor-superconductor sandwich structure proposed 
in Sau et. al.^, discussing the condition for the emergence 
of the non-Abelian Majorana mode. In Sec. Ill we discuss the 
magnetic domain wall where the chiral Majorana modes fuse 
to produce chiral Dirac fermion modes. In Sec. IV we analyt- 
ically study the charge conductance of the chiral Dirac modes 
in the wide domain wall limit in which case it is possible to 
think of the domain wall as composed of a pair of weakly 
overlapping chiral Majorana modes. We check numerically in 
Sec. V, that the qualitative features of the wide domain wall 
limit survive in the narrow domain wall limit, finally describ- 
ing our proposed interferometer in Sec. VI. We conclude in 
Sec. VII summarizing our results and discussing some open 
questions. 

II. BDG HAMILTONIAN FOR SANDWICH STRUCTURES 

We consider the BdG Hamiltonian for a semiconductor 
(Sm) in which an s-wave superconducting pair potential A 
and a Zeeman splitting Vz are induced by proximity effect 
from a superconducting layer (SC) and a ferromagnetic insu- 
lator layer (F)(Fig. 1). This has been shown to be possible 
experimentally^*'^^ and theoretically."-"^ Below, we review 
the excitation spectrum and derive an effective Hamiltonian 
of a semiconductor thin film sandwiched between a layer of 
SC and F. The SC - Sm - F heterostructure, is described by a 
model defined by the Hamiltonian 

^^tot = Hsm + Hsc + Hp + Hi^^ + (1) 

where i/sm, ^^sc and iJp are the Hamiltonians describing 
the Sm, SC and F layers respectively. H^^^ and Hi_^ represent 
the tunneling Hamiltonians at the Sm-SC and Sm-F interface 
respectively. 




FIG. 1 : Structure of an interface along y. Magnetic insulators shown 
as (red) top layer induce opposite Zeeman splitting in the semicon- 
ductor Edges 1 and 2, each separating regions of non-Abelian and 
Abelian s-wave superconductors, are separated by interface width 
W . Such edges, when isolated {W 3> with ^ the coherence 
length), carry charge-neutral chiral Majorana modes. 



The low-energy Hamiltonian for the Rashba SO-coupled 
Sm layer, Hq, is given by 

= ^ ^Sm[^ -^l + a{axk)■ z\ijsn, (2) 

k 

where m* is an effective mass. The ferromagnetic insulator F 
is described by the Hamiltonian 

i/p = ^ Vpl'^fc - + Vpcr^)?/^ (3) 
k 

with a mean-field Zeeman order parameter Vp and a chemical 
potential /ip in the Zeeman spin-split gap of the feiTomag- 
netic insulator Similarly, the s-wave superconductor can be 
described by a mean-field BCS Hamiltonian 

^sc = X! "^scl^fc ~ Ef)'iI)sc + ^sci^'^sc'^lc- (4) 

k 

Here V'sc V'sm V'p are the relevant electron spinor cre- 
ation operators. In the absence of tunneling between the lay- 
ers, Sm is normal with no superconductivity. The tunneling 
term 

^isc = ^scV'scV'Sm + h.c (5) 

which transfers electrons between the Sm-SC layers leads 
to a finite value for the superconducting order parameter 
{ipcr{r)tpa-'{r')) on the Sm surface by the proximity effecti^ 
Similarly, the tunneling term 

= ip^/'p^'Sm + h.c (6) 

leads to a proximity-induced ferromagnetic order parameter 
in the Sm. (In some situtations, the magnetic insulator can be 
replaced by an external magnetic field - the main necessary 
ingredient is an effective spin splitting in the Sm layer without 
any magnetic field induced magneto-orbital effects. ) 

We start by considering the ferromagnetic proximity effect 
induced in the Sm layer from the F-Sm interface when the 
states of the lowest semiconductor band with wave vectors 
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near k = have energies inside the insulating gap of the fer- 
romagnetic insulator F. The insulating degrees of freedom of 
the ferromagnetic insulator, F, can be integrated out and re- 
placed by an interface self-energy. When projected onto the 
low-energy subspace, this contribution becomes 

^ZkKu;) = ~^\iF\'\M^o)\'GZ]ik,u;;zo), (7) 

where tp is proportional to the transparency of the F-Sm in- 
terface, g[^, (k, Lu; zq) is the Green function of the ferromag- 
netic insulator (F) and |V'k(-zo)P the amplitude of the semi- 
conductor wave function, both at the interface. Note that the 
imaginary part of the Green function vanishes for values of cj 
within the insulating gap. Also, because the energies of inter- 
est are much smaller than the insulator bandwidth, ui <C A^, 
we can neglect the frequency dependence in Eq. (|7]i. FromEq. 
(|7]i one immediately notices that, neglecting such dynamical 
effects, i.e., setting cj = 0, the proximity effect self-energy, is 
equivalent to an effective Zeeman splitting 

S]tt(k^O,a. = 0)-Su(k-0,c. = 0) 
Vz = 2 

which creates a gap in the nth semiconductor band near k = 
that is proportional to the amplitude of the wave function at 
the interface times the square of the interface transparency. 

Thus the dispersion of the low-energy bands in the Sm layer 
can be obtained by adding the Zeeman splitting (Eq. [8]l to 
the effective theory described by Eq. (|2]i to obtain a low- 
frequency and long-wavelength (i.e u ^ and fc ^ 0) ef- 
fective Hamiltonian 
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— /i + a{(T X k) ■ z + VzCTz 



(9) 



with an effective Zeeman splitting Vz which is determined 
by the microscopic tunneling parameters at the F-Sm inter- 
face and can be tuned by: a) modifying the semiconductor 
film thickness, b) applying a bias voltage, and c) changing the 
semiconductor - MI coupling.". Explicit calculations for var- 
ious sets of parameters show that this low-energy theory repre- 
sents an excellent approximation for all k values of interest»ii 

Next, we turn our attention to the effects induced by the 
proximity of an s-wave superconductor on the Sm-F het- 
erostructure. We consider a semiconductor thin film and cre- 
ate a new interface at the free surface of the semiconductor 
by coupling it to a SC with an s-wave gap A. Below we ar- 
gue that, turning on coupling to the SC opens up a small gap 
near the fermi surface of the electron-doped semiconductor 
described by the Hamiltonian in Eq.|9]" 

In order to understand this behavior, it is useful to develop 
an effective low-energy theory for the SC proximity effect that 
is analogous to the one discussed for the magnetic proximity 
effect. Thus the effect of the superconductor can be described 
by an effective self-energy^**''*" 



(10) 

Since the superconducting Hamiltonian Hsc is non- 
number conserving, the Green-function G^^'^^ contains both 
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normal and anomalous components that must be described in 
the Nambu-spinor notation. Therefore, in addition to having 
spin-indices aa', the Green-function G^'~^ also has Nambu 
indices t and r', which take values ±1 similar to their spin 
counterparts cr and a'. Introducing the Pauli matrices crx,y,z 
in the spin components a, a' and the Nambu matrices r^^ ^ ^ in 
the Nambu indices r r' allows us to write the Green-function 
for the superconductor as 

G(sc)-i(fc; ^) = {ek - Ef)tz + At, - lo. (11) 

Substituting the Green-function into Eq. [TO] and assuming a 
slowly varying density of states psc{Ef) at the fermi-level 
Ep in the superconductor allows us to simplify the self-energy 

as 



At, 



VA2 - cj2 ' 



(12) 



for the energy levels of interest satisfying a; < A, where A = 

\isc?\M^.,)\''psc{EF)'^^ 

The self-energy S^^^^ induced in the Sm layer by integrat- 
ing out the superconductor has an anomalous part (i.e pro- 
portional to T,) and therefore induces a non-vanishing super- 
conducting order parameter (tpsm'^sm) the Sm despite the 
fact that the microscopic pairing potential A5,„ (r) = in 
the original Hamiltonian in Eqn. [T] The microscopic pairing 
potential As„i(r) = vanishes in the semiconductor since 
we assume no significant attractive pairing interaction in the 
semiconductor layer. Our assumption of a vanishing Asmif) 
is also consistent with the de Gennes boundary conditions at 
the Sm-SC interface which requires A{r) / N {r)V (r) to be 
continuous across the Sm-SC interface-. Here A(r), V{r), 
N{r) stand for the microscopic pairing potential, pairing in- 
teraction and density of states at the fermi level on both sides 
of the interface. Since Asm and Vsm are both zero on the 
Sm side of the interface, the ratio can be finite which allows 



VsmNs,^ ~ VsCNsC- , , 

Following the arguments in Ref. 40, to compute the Green 
function in the Sm layer, one can start by integrating out the 
electronic degrees of freedom in the layers F and SC and 
replacing them with the effective self-energies in Eq. [T] and 
Eq.[TO]respectively. The Green function for a; ^ A can then 
be obtained as the inverse of an effective Hamiltonian for the 
low-energy excitations in the Sm which is obtained by adding 
the respective self-energies from the F and SC layers to Eq. |2] 
and can be written as, 

HsdG = -{l-i + y^)Tz ~ia{cr xV) ■ zTz + ATx + Vzix)az, 

(13) 

where /i indicates the chemical potential in the Sm layer and 
V = {dx, dy ). The effective pairing potential A and Zeeman 
potential Vz induced in the Sm layer is found to be propor- 
tional to Asc and Vf respectively, up to a renormalization 
that is dependent on the tunneling strengths isc and 

The Hamiltonian in Eq. [13] is the effective Hamiltonian 
of the F-Sm-SC sandwich structure which has recently been 
shown to support a topologically superconducting phase in 
the appropriate parameter regime.'' More specifically, it was 
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shown that when the parameters of the system are tuned so 
that 

the quasi-two-dimensional system would support zero-energy 
Majorana fermions in vortices and chiral propagating Majo- 
rana modes around the edges of the system. The chirality of 
the edge mode would be determined by the sign of the Rashba 
spin-orbit coupling a and the Zeeman splitting Vz, the com- 
bination of which breaks the inversion and time-reversal sym- 
metries of the system. (The explicit breaking of time-reversal 
invariance due to the presence of the Vz term qualitatively 
distinguishes the topological superconductivity in the Sc-Sm- 
F sandwich structure- from that in the SC-TI heterostructuro^ 
which preserves time-reversal invariance.) 

Finally, we would like to comment that the qualitative fea- 
tures of the results derived in this section for the lowest semi- 
conductor band carry over to the multi-band case" and the 
topological properties remain identical as well as long as an 
odd number of bands are occupied22i22ill. 



III. CHIRAL CURRENTS AT MAGNETIC DOMAIN 
WALLS 

Interferometry of Majorana fermions requires the ability to 
transport Majorana fermions along two different paths and 
then recombining them.i22i22i22i^ The semiconductor sand- 
wich structure, in the appropriate parameter regime, contains 
propagating chiral Majorana fermion modes. However, as 
mentioned in the introduction, the Majorana fermions in these 
structures are neutral and therefore cannot be directly con- 
trolled by electrical voltages or measured as electrical cur- 
rents. To avoid this difficulty, we will consider systems where 
a pair of isolated chiral Majorana modes propagating in the 
same direction are fused to form a chiral Dirac mode at a mag- 
netic domain wall, which, as we will show, carries a measur- 
able electrical current. 

To model a domain-wall consisting of two isolated edges 
(marked 1 and 2 in Fig.[TJ in the semiconductor, we will take 
V,{x) >0(V,ix) < O)fora; < --f (x > -f )andK(x) = 
in between. Opposite Vz on the two sides of the edge can be 
realized by depositing separate magnetic insulators with op- 
posite magnetization. As shown in Ref. [9], for Vz = the 
system is a (non-topological) regular s-wave superconductor 
Therefore, in the geometry in Fig. 1 there are two isolated 
edges in the semiconductor each separating contiguous do- 
mains of non-Abelian (Vj > (A^ + /i^)) and regular s-wave 
superconducting phases. 

Since the Hamiltonian is translationally symmetric along 
the y-direction, we can factorize the energy eigenstates as 
V'fca {^1 y) — ^''''"^'Pky (x) SO that the solutions for (p^y (x) are 
determined by the y-independent Hamiltonian, obtained from 
Eq. ( fT3] ) by the substitution dy — > iky. 

The second-quantized current operator in the spin-orbit 



coupled semiconductor is given bysi, 

+ aJ2cl{r){zx (T)i^^c^{r). (15) 

The current carried by the quasi-particle 7^ is then given by 
(J)^ = (*|7J7t|vl-)-(vI/|J|vI/), (16) 

where \'^) is the ground state. From the above equations, the 
expression for the quasiparticle current along y reduces to 

{Jy)i^ J dx(j)l^{x){2ky + a(Tx)(j)ky{x). (17) 

In what follows, we will take the y-current operator in the 
BdG notation to be = (2fcj, + aax)- 

The magnetic domain wall composed of magnetic layers of 
opposite magnetization (Fig. 1) is the key idea underlying our 
proposed Majorana interferometer since it enables an effec- 
tive conversion of neutral Majorana modes into measurable 
charged current modes with current given by Eq.fTTl 

IV. CONDUCTANCE IN THE WIDE DOMAIN- WALL 
LIMIT 

In the limit of W ^ 00, we can think of the interface 
as being composed of two isolated edges at ±1^/2. Zero- 
energy, ky — 0, solution at each of these edges is particle- 
hole symmetric, i.e., they satisfy cj)j{x) = cryTy(j)*{x) where 
j takes values 1 or 2, corresponding to 4-spinor wave func- 
tions at —W/2 {(j)i{x)), and at W/2 (02(2;)), respectively. 
The particle-hole transformation is defined as S = o-yTyK 
where K is the complex conjugation operator Alternatively, 
the Majorana state (j>j can be written in a manifestly particle- 
hole symmetric form 0j(a;) = {uj{x), —iayU*{x))'^ . The 
solution ui {x) is real and inside the interface falls off as 

ui{x) = uUx) = e-«^(^)-[pe^'^'"(")" + c.c] (18) 

where p is a constant 2-spinor and z ^ + ikp) with ^ = 
Since Vz(x) = V^2(—.t), the Hamiltonian commutes with 
a^P where P is the reflection operator with respect to the x 
axis. Hence, axP maps the Majorana mode (j>i{x) localized 
at —W/2 to the mode localized at W/2, i.e., axP4>i{x) — 
o'x4>i{—x) — X4)2{x) where A is a phase factor (A* — A^^). 
After some straightforward algebra, the requirement that both 
(f>i{x) and (p2{x) are particle-hole symmetric requires A^ = 
— 1 or A = I. Using k.p perturbation theory, the solutions 
(j)j.ky (x) at ky can be approximated to lowest order in ky 
by (f>j.ky{x) « <Pj{x) and have energy = Vgky where 

Vg = a{(j)j\axTz\(f>j) = 2 j dxu]{x)<7xU.j{x) (19) 
is the group velocity of the modes. 
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The BdG current operator (Eq. [TtI i for the Majorana states 
around fcj^ = is given by Jy — aa^- For — > oo, we get 
the current carried by the Majorana states (f)j to be 

= a y dxu!j(JxUj — v)-(TxUj ~ 0, 
as expected. 

For finite W, the wave functions 0j are no longer orthog- 
onal and have finite overlaps. Following Ref. [43], the low- 
est energy eigenstates for a finite-width interface can be con- 
sidered to be superpositions of ipj^ky{x,y) = e*'^«^0j(x). 
Since (TxP commutes with the Hamiltonian, these eigenstates 
should be -iAi./tj, (a;, y) = e*'^«^C±(x) such that (T2:^'C±(a;) = 
zL(±{x). Using 02(2;) = ^^^crx4'i{—x) in the above it fol- 
lows that 



(20) 



The expectation value of an operator A with respect to these 
energy eigenstates, to lowest order in the overlap, is given by 



(Cil^ICi 



j:^{4,,\Am±2Im{{ct>M\4>2)) 
2±2/m((0i|02> 

1^(0,1^10,) ±/m((0i 1^102)). (21) 



result by the sign of {tz)+ = 2/ dxu^ {—x)axUi{x) at the 
end of the calculation. For a finite bias voltage V, which is 
applied to the interface by coupling it to a reservoir at a chem- 
ical potential {fis + eV) via a tunnel barrier, the occupation 
function of the mode is given by f{e+{ky) — eV) where /(e) 
is the Fermi function^. The conductance of the interface for 
V can be computed using a Landauer-like formula 



G(0) 



d 

dV 



dkyf{e+iky)-eV){jy) 



+ ,ky \V = 



{Jv)+,-ki 



(25) 



Go 



where Go is the quantum of conductance. Substituting the ex- 
plicit form for the expectation value with respect to the energy 
eigen-modes (Eq. |2TJ, G(0) can be written as 



—ki + / dxRe{u\{x)ui{—x)) 



9C 

G(0) = -^sgn((r.) + ) ^ 

(26) 

Using the asymptotic form of the chiral edge state wave- 
functions (Eq. (fTSl)), the above expression, in the large W 
limit, can be shown to be of the form 

G(0) - sgn ((T^) + )e-"'=(^)'^ cos {2Im{z)W + 5)Gq (27) 

where (5 is a phase-shift. As claimed in the introduction, this 
is finite for finite interface width, but vanishes exponentially 
with W with a decay length Re{z)^^ = 



Using the above formula we can compute the excitation 
spectrum of a finite-width interface as 

e±{ky) = {C±\HBdG{ky)\C±) =vgky± aM (22) 
where M can be written as^, 



M = dx 



(j)\{x)axT^(t)i{x) 



u\{x)axUi{x) 



x=0 

(23) 

Thus, for finite W, tunneling splits the pair of chiral Majorana 
modes into a pair of modes with dispersion e± (ky) = Vg (ky ± 
fci) where fci = aM/vg. 

The states C±, unlike thek constituent states 0j, can carry a 
charge current. The expectation value of the current operator 
in these states is given by the cross-term 



(24) 



which is now non-zero as advertised in the introduction. Let 
us now estimate the conductance of the interface using the 
states Ci"*^- The branches i/'i./t^ {x, y) are related by particle- 
hole conjugation. Therefore it suffices to consider the occu- 
pancy of only the electron-like branch defined by (r^) > 0. 
Only the sign of the current {Jy) depends on which of the two 
particle-hole conjugate branches is electron-like. Therefore, 
we assume the + branch to be electron-like and multiply the 



a{4>i\ax\4i2) ^ a J dxu\axU2 + u^cTyOxCryi 
— 2ia / dxRe{u\{x)ui{—x)), 



V. NUMERICAL SOLUTION FOR NARROW 
DOMAIN-WALLS 

For experimental purposes, it is interesting to consider the 
limit where the width of the interface W is much smaller than 
the coherence length [W <C of the superconductor For 
definiteness we approximate this limit as = 0, in which 
case there is a single interface at x = 0. 

As in the wide-interface case, the zero-bias conductance 
can be written in terms of the E ~ Q energy eigenstate 



C,+ {x), which is determined by its 



value on one side of the interface, say x > 0, where it can be 
expanded as C+(a;) = I]Ti:_Re(z„)<o Cne''"^0„. Here 0„ and 
Zn are complex eigenvectors and eigenvalues of the Hamilto- 
nian HBdoiky, z) in Eq. (131 (with the substitutions z 
and dy — > iky), i.e., they satisfy HBdoiky: Zn)(j)n — 0. The 
boundary conditions at x = are then given hy axC+{0) — 
C+(0) and (JxC+i^) — ~C+(0)- We vary ky on the real axis 
to find the value ky = —ki where the boundary conditions on 
the wave function are satisfied. The expectation value of an 
observable A is calculated as 



(A)^ f dxClix)AC+{x)^J2<' 

n,7n 

(28) 

We numerically calculate c„ for a representative set of param- 
eter values appropriate for the non-Abelian superconducting 
phase: A = 0.5, fi = 0.2, a — 1.0 in units where all en- 
ergies are scaled hy Vz — I meV and lengths are scaled by 



6 



fij \/2m*Vz^ ■ In this calculation, the conductance in the limit 
y — > is found to be G(0) — O.SSGq. To avoid decoherence 
processes such as scattering of electrons into holes, we find 
that V,T < kiVg ^ 0.1 meV where T is the temperature. 



VI. DOMAIN- WALL BASED MAJORANA FERMION 
INTERFEROMETERS 

Since the interface between two domains of the semi- 
conductor heterostructure with opposite directions of Zee- 
man splitting carries a charge current, constructing electri- 
cally controlled Majorana interferometry experiments-'^ -'-' is 
straightforward. In Fig. 2a, the interfaces a and d carry charge 
current. In contrast to interfaces a and d, the edges b and c sep- 
arate a non-Abelian superconducting phase from the vacuum 
in the central hole. Hence, they carry charge-neutral Majo- 
rana modes which we denote by 706, 70c ■ At the tri -junction 
between the edges a, b, and c, a chiral charged quasiparticle 
or quasihole in interface a breaks into a pair of Majorana 
fermions in b and c: cjj — > job + i7oc, Ca 7ob — i7oc-There 
are an even (including zero) or odd number ny of flux quanta 
threaded into the central hole in the interferometer. Conse- 
quently, for an odd (even) number of vortices in the central 
hole, only one (none) of 706 and 70c encounters a change of 
sign while traversing the edges b and c. It follows that, for 
an odd number of vortices in the central hole, cl — ?► Cd and 
Ca c]j (a quasiparticle incident from a turns into a quasi- 
hole at d or vice versa), and charge 2e is transferred between 
the interface a and the superconductor. Therefore, if the num- 
ber of vortices in the hole is odd (even), there is a non-zero 
(zero) current between the interface a and the superconductor, 
which is a definitive signature of non-Abelian statistics of the 
Majorana quasiparticles. 

We now consider an interferometer geometry capable of 
measuring the fermion number in a topological qubit made 
of two vortices (Fig 2b). Such a measurement is important for 
TQC in the semiconductor^''"^' Charged fermion quasiparti- 
cles carrying current / at the left interface break up into two 
Majorana fermions at edges b and d. The Majorana fermion 
at d can quantum mechanically tunnel to edge c via two edge 
constrictions on the two sides of the central qubit. We assume 
that the constrictions have small enough capacitance so that 
the Majorana fermion tunneling amplitudes ti,t2 via vortex 
tunneling (quantum phase slips) are appreciable in the back- 
ground of superconducting quasiparticle tunneling. Writing 
the net such tunneling amplitude as tdc and the number of 
fermions trapped in the central qubit as n/, we get^^, 

tdc^t\+tl + {-lTf2Ut2. (29) 

Here, the factor of (— 1)"^ arises from the phase picked up 
by a vortex on one full circle around nf fermions. It follows 
that for ti ^ t2 the contribution to the current from quantum 
phase slips at the two constrictions vanishes for an odd num- 
ber of fermions at the center Therefore, with change in n f at 
the central qubit, the magnitude of the current / shows well 
defined oscillations. We note that quantum vortex tunneling. 




FIG. 2: (a): Interferometer geometry to test non-Abelian statistics 
of Majorana fermions. There is a non-zero current I flowing in the 
superconductor when the number of vortices nv in the central hole 
is odd. 00 indicates the superconducting flux quantum (b): Inter- 
ferometric measurement of the fermion number in a pair of vortices 
shown as (red) circles forming a qubit at the center. Charged fermion 
quasiparticles carrying current I break into Majorana modes along 
edges b and d, which can recombine after quantum tunneling at the 
two edge constrictions on the two sides of the qubit. 



i.e. quantum phase slip, is an essential ingredient of our inter- 
ferometer 



VII. CONCLUSION 

The electrically controlled edge-state interferometry on 
the semiconductor heterostructure we propose in this pa- 
per are exactly analogous to those proposed previously for 
the non-Abelian states in the h' — 5/2 fractional quantum 
Hall system and on the surface of a 3D strong topological 
insulatori^i2Zi22i^2i21 The Majorana fermion edge excitations 
on the fractional quantum Hall systems are charged^'-^'''^'' and 
charged edge modes have also been shown to be possible on 
the surface of a 3D topological insulatori^2i22 Even though 
the charge of the edge excitations make electrically controlled 
interferometry fairly straightforward in these systems, there 
have been lingering questions if such experiments are possi- 
ble on the semiconductor structure because of the absence of 
charge of the chiral modes on any isolated edge in this sys- 
tem. In this paper we have shown that two isolated edges car- 
rying individually charge-less Majorana edge modes can be 
superposed to create an edge which does carry charge. The 
charge of this new edge mode can be used to electrically con- 
trol edge currents which in turn can be used in the interferom- 
etry experiments. Quantum phase slips, which are essential 
for our scheme to work have been experimentally observed, — 
and therefore, our scheme should work as a matter of princi- 
ple. 

There is a natural sequence of experiments in the study of 
Majorana modes in the semiconductor sandwich structures. 
The first experiments, which are already underway,**" would 
fabricate the appropriate SC/Sm heterostructures searching 
for the proximity-induced superconductivity in the appropri- 
ate parameter space of chemical potential and Zeeman split- 
ting. Once superconductivity is identified in the semicon- 
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ductor, suitable tunneling spectroscopic measurements would 
have to establish a robust zero-energy anomaly in the semi- 
conductor consistent with the existence of the zero-energy 
Majorana mode. One great advantage of the sandwich struc- 
ture is the generic existence of the Majorana mode by con- 
struction in the topological superconducting phase in contrast 
to the 5/2 FQHE state where the non-Abelian ground state is 
a conjecture. The observation of the zero-bias anomaly show- 
ing the existence of a zero-energy state in the BdG spectrum 
would satisfy the necessary condition for the existence of the 
Majorana mode, but not the sufficient condition. The pro- 
posed fractional Josephon effect experiment'"*'^' would pro- 
vide the sufficient condition, but direct interferometry, as pro- 
posed in the current work, is essential in establishing the 
non-Abelian nature of the Majorana particles. What we pro- 
pose here is not by any means an easy experiment, but it is 
probably not much harder than the on-going interferomet- 
ric measurements"'^ in the 5/2 FQHE state. We emphasize 
that only interferometry can directly establish the existence 
of non-Abelian braiding statistics, and as such our proposed 



experiment is an important necessary step in the beautiful and 
exotic physics of emergent solid state non-Abelian modes. 

Our proposed interferometry experiments give clear cut sig- 
natures of the non-Abelian statistics of the Majorana modes 
localized in the order parameter defects on the semiconductor 
heterostructure. In addition to the zero-bias conductance peak 
experiments" and the experiments measuring the fractional 
Josephson effect'"*''^ due to Majorana fermions, these experi- 
ments constitute another class of measurements directly test- 
ing the existence of non-Abelian quasiparticles in the semi- 
conductor heterostructure. Moreover, the interferometry ex- 
periments, like their counterparts in the v — state and on 
the surface of a topological insulator, constitute the necessary 
first step in entanglement generation and implementation of 
TQC using the 2D semiconductor heterostructure. 
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